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Question 1.

Let H be a finite set of at least three half-planes. We call a half-plane h ∈ H redundant if it
does not contribute an edge to

⋂
H. Prove that for any redundant half-plane h ∈ H there are

two half-planes h′, h′′
∈ H such that h′

∩ h′′
⊂ h.

Question 2.

In some applications one is interested only in the number of points that lie in a range, rather
than in reporting all of them. Such queries are often referred to as range-counting queries. In
this case, one would like to avoid paying the O(k) term in the query time.

1. Describe how a 1-dimensional range tree can be adapted such that a range-counting query
can be performed in O(log n) time. Prove the query time bound.

2. Describe how d-dimensional range-counting queries can be answered in O(logd n) time,
using the solution to the 1-dimensional problem. Prove the query time.

Question 3.

1. Show that, given an unprocessed planar subdivision S (in a DCEL) with n vertices and
edges, and a query point q, the face of S containing q can be computed in O(n) time.

2. A convex polygon P is specified as an array of n vertices sorted along the boundary. Show
that, given a query point q, it can be tested in O(log n) time whether or not q lies inside
P .

3. A polygon P is called star-shaped if there exists a point p in the interior of P such that,
for any other point q in P , the segment pq lies entirely in P . Generalize the solution of the
convex case for star-shaped polygons. (You may assume that p is given.)

Question 4.

Assume that there are r points moving in the plane, each with a given constant speed and
direction, denoted as motorcycles. Every motorcycle leaves a trail along the path it rides through.
Motorcycles begin their ride simultaneously, and they ride until they either crash on the trail left
by another motorcycle, or eventually run out of gas. (Assume that this happens only after all
possible crashes occur.) Assume that no two motorcycles crash exactly unto each other. We define



Figure 1: A motorcycle graph

the motorcycle graph accordingly: The vertices are the initial positions of the motorcycles, crash
points, and running-out-of-gas points, and the edges are the motorcycle traces (see Figure 1).

1. What is the complexity (number of vertices and edges) of the motorcycle graph? Prove
your answer.

2. Describe a simple event-based algorithm for computing the motorcycle graph. Analyze the
complexity of the algorithm.

3. Assume that the directions of all motorcycles have positive x components (i.e., all motorcy-
cles “go east”). Can you describe a more efficient algorithm for computing the motorcycle
graph?

Question 5.

1. Show that the farthest-point Voronoi diagram of n points in the plane has at most 2n−3
(bounded or unbounded) edges.

2. Give an exact bound on the maximum number of vertices in the diagram.


