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Abstract

A polyomino, also known in the literature as an animal, of order n is an edge-connected
set of n squares on a regular square lattice. Recently, I. Jensen [Je01] published a novel
transfer-matrix algorithm for computing the number of two-dimensional polyominoes in
a rectangular lattice. We provide a rigorous computation that roughly confirms Jensen'’s
estimation of the computational complexity of his algorithm. This is done by analyzing
the number of some class of strings, which play a significant role in the algorithm. It
turns out that this number is closely related to Motzkin numbers [Mo48]. We also present
two extensions of Jensen’s algorithm, designed to reuse previously-computed results. We
then generalize the algorithm to three dimensions. In addition, we describe an efficient
implementation of Redelmeier’s serial algorithm [Rede81] for counting three dimensional
polyominoes (termed polycubes). We confirm Lunnon’s results [Lu71] for polycubes, and
unpublished results found on the Internet (up to size 17). We also provide the number
of polycubes of size 18, which, to the best of our knowledge, has never been published in
the literature.



Chapter 1

Introduction

A polyomino of size n is an edge-connected set of n squares on a regular square lattice.
Fized polyominoes are considered distinct if they have different shapes or orientations.
The symbol A(n) in the literature usually denotes the number of fixed polyominoes of size
n. In this thesis we use the notation of Ay(n) to denote the two dimensions. Figure 1.1(a)
shows the only two fixed dominoes (adjacent pairs of squares). Similarly, Figures 1.1(b)
and 1.1(c) show the 6 (resp., 19) fixed trominoes (resp., tetrominoes)—polyominoes of
size 3 and 4, respectively. Thus, A5(2) =2, A2(3) = 6, A3(4) = 19, and so on.

(a) Dominoes (b) Trominoes

(c¢) Tetrominoes

Figure 1.1: Fixed two-dimensional dominoes, trominoes, and tetrominoes
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Three-dimensional polyominoes are called polycubes [Lu71]; a polycube of size n is
a face-connected set of n cubes in a Euclidean three-dimentional space. We denote by
As(n) the number of distinct fixed polycubes of size n. Figure 1.2(a) shows the three
polycubes of size 2. Similarly, Figure 1.2(b) shows the 15 polycubes of size 3. Therefore,
A3(2) =3, A3(3) = 15, and so on.

(a) Three-dimensional dominoes ) Three-dimensional trominoes

Figure 1.2: Fixed three-dimensional dominoes and trominoes

Polyominoes and polycubes have triggered the imagination of not only mathemati-
cians. The number of fixed polycubes is also related to investigating the properties of
liquid flow through grained material [BH57], such as water flowing through coffee grains.
Statistical physicians refer to polyominoes as lattice animals, whose number is relevant to
computing the mean cluster density in percolation processes.

To this day there is no known analytic formula for As(n) (or Az(n)). The only known
methods for computing As(n) or As(n) are based on explicitly or implicitly enumerating
all the polyominoes or polycubes.



1.1. PREVIOUS WORK

1.1 Previous Work

The following is a brief overview of the developments in counting fixed polyominoes:

e Read [Rea62] derived in 1962 generating functions for calculating the number of
fixed polyominoes. These functions become intractable very fast and were used for

computing Ay(n) for only n =1,...,10 (with an error in A(10)).

e Parkin et al. [PLP67] computed in 1967 the number of polyominoes of up to size 15

(with a slight error in A5(15)) on a CDC 6600 computer.

e In 1971 Lunnon [Lu71] computed the values of As(n) up to n = 18 (with a slight
error in A5(17)). His program generated polyominoes that could fit into a restricted
rectangle. Since his algorithm generated the same polyominoes more than once, the
program spent a considerable amount of time on checking polyominoes for repeti-
tions. The program ran for about 175 hours (a little more than a week) on the

Chilton Atlas I.

e An algorithm of Martin [Ma74] and Redner [Redn82] that computes polyominoes of
a given size and perimeter was used in 1976 by Sykes and Glen [SG76] to enumerate

As(n) up ton = 19.

e In 1981 Redelmeier [Rede81] introduced a new enumeration algorithm. His new
method, which was actually a procedure for subgraph counting, did not reproduce
any of the previously-generated polyominoes. Thus he did not need to keep in
memory all the already generated polyominoes, nor did he need to check if a newly
generated polyomino was already counted. He implemented his method efficiently,
and computed As(n) up to n = 24. His program required about 10 months of
CPU time on a PDP-11/70. Mertens and Lautenbacher [ML92] later devised a
parallel version of Redelmeier’s algorithm and used it for computing the number of

polyominoes (of up to some size) on a triangular lattice.

e In 1995 Conway [C095] introduced a transfer-matrix algorithm, subsequenetly used

by Conway and Guttmann [CG95] for computing Ay(25).

e Oliveira and Silva used (in an unpublished work) a parallel version of Redelmeier’s

algorithm to count polyominoes of up to size 28.

e Jensen [Je01] significantly improved the algorithm of Conway and Guttmann, and
computed As(n) up to n = 46. Soon Knuth [Kn01] applied (in an unpublished work)
a few local optimizations to Jensen’s algorithm and was able to compute A5(47). In

a further computation Jensen [JeOla] claimed to also obtain A,(48).

Table 1.1 tabulates all the known values of Ay(n).
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n Ay(n) Ref. n As(n) Ref.
1 1 25 20,457,802,016,011 | [CG95]
2 2 26 79,992,676,367,108
3 6 27 313,224,032,098,244
4 19 28 1,228,088,671,826,973
D 63 29 4,820,975,409,710,116
6 216 30 18,946,775,782,611,174
7 760 31 74,541,651,404,935,148
8 2,725 32 293,560,133,910,477,776
9 9,910 33 1,157,186,142,148,293,638
10 36,446 | [Rea62] | 34 4,565,553,929,115,769,162
11 135,268 35 18,027,932,215,016,128,134
12 505,861 36 71,242,712,815,411,950,635
13 1,903,890 37 281,746,550,485,032,531,911
14 7,204,874 38 1,115,021,869,572,604,692,100
15 27,394,666 | [PLP67] | 39 4,415,695,134,978,868,448,596
16 104,592,937 40 17,498,111,172,838,312,982,542
17 400,795,844 41 69,381,900,728,932,743,048,483
18 1,540,820,542 | [Lu7l] | 42 975,265,412,856,343,074,274,146
19 5,940,738,676 | [SGT76] | 43 1,092,687,308,874,612,006,972,082
20 22,964,779,660 44 4,339,784,013,643,393,384,603,906
21 88,983,512,783 45 17,244,800,728,846,724,289,191,074
22 | 345,532,572,678 46 68,557,762,666,345,165,410,168,738 | [Je01]
23 | 1,344,372,335,524 47 272,680,844,424,943,840,614,538,634 | [KnO01]
24 | 5,239,988,770,268 | [Rede81] | 48 | 1,085,035,285,182,087,705,685,323,738 | [JeOla]

Table 1.1: Numbers of two-dimensional fixed polyominoes

We are aware of only two attempts to count fixed polycubes:

e In 1975 Lunnon [Lu75] extended his algorithm [Lu71] to compute multi-dimensional
polyominoes. He computed As(n) up to n = 12.

e Sykes et al. [SGG76] used the method proposed by Martin [Ma74] in order to derive
and analyse series expansions on a three-dimensional lattice.

Table 1.2 tabulates all the known values of Az(n).

Other related problems studied in the literature are the number of convex (resp., gen-
eral) polyominoes of a given perimeter [KR74, DV84, Ki88]| (resp., [Me90, M1.92]), column-
convex polyominoes [De88], polyominoes on other lattices (e.g., triangular) [RW81, M192],
polyominoes with holes [GJT00], etc.

It is known that Ay(n) is exponential in n. Klarner [K167] showed that Ay(n) ~ CA"n?
(for some constants C' > 0 and 6 ~ —1), so that the limit A\ = lim, _..(A(n + 1)/A(n))
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n| As(n) | Ref. | n As(n) Ref.

1 1 10 8,294,738

2 3 11 60,494,549

3 15 12 446,205,905 | [Lu75]

4 86 13 3,322,769,321

5 534 14 94,946,773,111

6 3,481 15 188,625,900,446

7 23,502 16 | 1,435,074,454,755

8 162,913 17 | 10,977,812,452,428 [IntSeq]
911,152,870 18 | 84,384,157,287,999 | This thesis

Table 1.2: Numbers of three-dimensional fixed polyominoes

exists. Golomb [Go65] gave A its well-known name Klarner’s constant, out of which not
even a single significant digit is known for sure. There have been several attempts to
lower and upper bound ), as well as to estimate it, based on knowing As(n) up to certain
values of n. The constant A is estimated to be around 4.06 [CG95].

1.2 Redelmeier’s Subgraph-Counting Algorithm

In this section we briefly describe Redelmeier’s algorithm for counting polyominoes. The
reader is referred to the original paper [Rede81] for the full details.

Redelmeier’s algorithm is a procedure for connected-subgraph counting, where the
underlying graph is induced by the square lattice. Since translated copies of a fixed
polyomino are considered identical, one must decide upon a canonical form. Redelmeier’s
choice was to fix the leftmost square of the bottom row of a polyomino at the origin, that
is, at the square (0,0). (Note that coordinates are associated with squares and not with
their corners.) Thus we need to count the number of edge-connected sets of squares (that
contain the origin) in

{(z,y) | (y>0)or (y=0andz=>0)}

The squares in this set are located above the thick line in Figure 1.3(a).

The shaded area in Figure 1.3(a) consists of the possible locations of squares of poly-
ominoes of order 5. Counting these sets of squares amounts to counting all the connected
subgraphs of the graph shown in Figure 1.3(b), that contain the vertex a;.

The algorithm [Rede81] is shown in Figure 1.4. This sequential subgraph-counting
algorithm can be applied to any graph, and it has the property that it never produces the
same subgraph twice.



1.3. JENSEN’S TRANSFER-MATRIX ALGORITHM 11

4 €4
3 es| ds| es
2 e | da|co|dyles
1 er|dicy|b|csl|ds|er
0 ai|by|cyl|dg|es
-1
4 3 2 -1 0 1 2 3 4
(a) Valid squares in polyominoes (b) Corresponding graph

Figure 1.3: Polyominoes as subgraphs of a specific base graph

Initialize the parent to be the empty polyomino, and the
untried set to contain only the origin.

1. Remove an arbitrary element from the untried set.
2. Place a cell at this point.

3. Count this new polyomino.

4. If the size is less than n:

(a) Add new neighbors to the untried set.

(b) Call this algorithm recursively with the new parent
being the current polyomino, and the new untried
set being a copy of the current one.

(c) Remove the new neighbors from the untried set.

5. Remove newest cell.

Figure 1.4: Redelmeier’s algorithm [Rede81, p. 196]

1.3 Jensen’s Transfer-Matrix Algorithm

In this section we briefly describe Jensen’s algorithm for counting polyominoes. The
reader is referred to the original paper [Je01] for the full details.

The algorithm counts separately all the polyominoes of size n bounded by boxes whose
dimensions are W (its width, y-span) and L (its length, z-span). In each iteration of the
algorithm different values of W and L are considered, for all possible values of W and L.
(Due to symmetry only values of W < L need to be considered.)
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For specific values of W and L, the strategy is as follows. The polyominoes are built
from left to right, and in each column from top to bottom. Instead of keeping track of all
polyominoes, the procedure keeps records of the numbers of polyominoes with identical
right boundaries. Hence, the right boundaries of the (yet incomplete) polyominoes are
encoded by signatures as is described below. Expanding a polyomino is done in the current
column, cell by cell, from top to bottom. The new cell is either occupied (i.e., belongs
to the new polyomino) or empty (i.e., does not belong to it). Thus the right boundaries
of the (yet incomplete) polyominoes have a “kink” at the currently considered cell. By
“expanding” we mean updating both the signatures (possibly creating new signatures)
and their respective numbers of polyominoes. For implementation purpose the numbers
are maintained as polynomials in the form of generating functions: The terms of the
polynomial P(t) = )", ¢;t" mean that ¢; distinct (possibly incomplete) polyominoes of size
1 correspond to some signature.

The right boundaries of (yet incomplete) polyominoes are encoded by signatures that
contain five symbols: the digits 0-4. The symbol ‘0’ stands for an empty cell. The symbol
‘1’ stands for an occupied cell that is not connected by other cells to any other boundary
cells. The other three symbols represent cells which are connected to other boundary cells.
In case there are several boundary cells that are connected, either along the boundary or
by cells to the left of it, the lowest cell is encoded by the symbol ‘2’; the highest cell by
the symbol ‘4’; and all the other cells (if any) in that group by the symbol ‘3’.

Figure 1.5 (similar to Figure 1 of [Je01]) shows the signature of some (yet incom-
plete) polyomino, before and after cell expansion. Note that this polyomino is indeed
incomplete because it has three disconnected components. Yet the algorithm needs to
consider such intermediate configurations since the yet-to-be-added cells on the right may
connect disconnected components and yield a legal polyomino. Only at the termination
of the iteration does the algorithm need to check whether a signature corresponds to legal
polyominoes. Otherwise the corresponding number of polyominoes (of that signature) is
ignored and not counted. Also, note in the figure that the lowest ‘2" and the highest ‘4’
in the signature encode boundary cells which are connected by cells to the left of the
boundary.

There are several implementation details that are omitted here. One such detail is the
initialization of an iteration, that is, building the set of signatures that correspond to (yet
incomplete) polyominoes spanning only one column. Another detail is the exhaustive set
of polyomino-expansion rules. In an expansion step the boundary kink is lowered by one
by considering the kinked cell and either making it occupied or leaving it empty. The
symbols encoding the cells adjacent to the kink, together with the fact of whether or
not the new cell is occupied, determine how to update the signature. Most combinations
require only local updates, whereas a few combinations require scanning the entire sig-
nature for updating. In addition, the signature needs to be expanded by two bits that
indicate whether (yet incomplete) polyominoes touch or do not touch the top and bot-
tom boundaries of the bounding rectangle. Some optional optimizations are also possible.
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L

................. 4.

............ 0L i
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| |3

W 2
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..................... 0L i

...................... 1i i

(a) Before cell expansion
L L
................. 4. 4
............ 0L i 0
/L O R B VN VS B VN PN 4.
2 AN N 3
W 0L W 20
N TR R B B VAN PN VN 0L i
.............. 20 i 20 i
..................... 0L i 0L
...................... 1o R N
(b.1) Kink cell empty (b.2) Kink cell occupied

(b) After cell expansion

Figure 1.5: A sample intermediate polyomino, its right boundary, and its signature (ex-
ample taken from Figure 1 of [Je01])
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Since only polyominoes of size n are sought, the signatures of intermediate polyominoes
exceeding this size may be discarded. In addition, local rules can be applied to prune
out intermediate configurations that cannot be completed into valid polyominoes. For
example, it would save time to discard signatures of intermediate polyominoes that have
more than one connected component, and whose union into one component will require a
total of more than n cells. The same applies for signatures of intermediate polyominoes
whose yet-to-be-constructed connections to all of the top, bottom, and right borders will
require more than n cells in total.

At the termination of each iteration, the procedure discards all signatures that cor-
respond to illegal polyominoes, such as disconnected polyominoes (as mentioned above),
or polyominoes that do not touch all the boundaries of the bounding rectangle. Then all
the numbers of polyominoes associated with legal polyominoes are summed up to yield
the number of legal polyominoes bounded by some W x L rectangle. By iterating over all
possible values of W and L and summing up, the algorithm computes the total number of
polyominoes of size n. (Naturally, for one specific value of W, the iterations of the inner
loop on values of L may be used to save execution time.)

1.4 Organization of the Thesis

This thesis is organized as follows. In Chapter 2 we analyze the running-time complexity
of Jensen’s algorithm. First we obtain the number of some class of strings, which play
a significant role in the algorithm. It turns out that this number is closely related to
Motzkin numbers [Mo48|. Jensen did not provide a rigorous analysis of the running time
of his algorithm. Instead, he empirically estimated [Je01, §2.1.3] that it is proportional
to (\/5)” by observing a graph that plots in a logarithmic scale the number of computed
“signatures” (Section 1.3) as a function of n, the size of the sought polyominoes. As
Jensen observed, this is indeed the dominant factor in the running time, but it is actually
proportional to (v/3)" (multiplied by some polynomial in n). The full analysis shows that
the running time of the algorithm is O(n%?(v/3)").

In Chapter 3 we extend Jensen’s [Je01] transfer-matrix algorithm. First we introduce
a method by which we compute the number of polyominoes within a box that is twice the
length of a given box. This is achieved by using the same data structure used by Jensen.
We then go one step further and compute the same quantity recursively. To this aim we
extend Jensen’s data structure.

In Chapter 4 we describe how we use ideas from the extended data structure to develop
a transfer-matrix algorithm for counting polycubes. In addition, we describe in Chapter 5
an efficient implementation of Redelmeier’s serial algorithm [Rede81] for counting poly-
cubes, and show results of up to order 18.



Chapter 2

Complexity of the Transfer-Matrix
Algorithm

2.1 The Number of Different Signatures

In this section we analyze the number of signature strings that play the most significant
role in Jensen’s transfer-matrix algorithm for counting polyominoes. It turns out that
this number is closely related to Motzkin numbers.

2.1.1 Introduction

We begin by investigating the number of strings of length W that are defined as follows.
Consider a square lattice of width W and wnrestricted height h, in which some of the
W - h cells are occupied and the other cells are empty. Identify the connected components
of the occupied cells, where connectivity is through edges only. Assign a symbol to each
connected component and a special symbol ‘-’ to empty cells, and regard the lowest row
of the lattice as the “signature” string representing the configuration of occupied cells.
The completely empty string (containing only ‘-’s) is not allowed. Obviously, a signature
may represent many different configurations. Moreover, the number of distinct symbols
needed to specify all signatures is [W/2] +1, since there may be at most [W/2] connected
components. Figure 2.4(a) shows a lattice configuration and its representing signature
string. The question is, then, what is J(WW), the number of different signature strings (as
a function of W, up to renaming of the non-‘-" symbols).

The signature strings defined above play an important role in an efficient transfer-
matrix algorithm presented by Jensen [Je01] (see Section 1.3). This algorithm was the first
method for counting fixed polyominoes without actually generating them. The algorithm
uses a complex set of rules for expanding the polyominoes cell by cell, from left to right

15
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in columns, and in each column, from top to bottom. The main idea is to keep only the
right boundaries of all the configurations of cells, where each boundary is associated with
the number of all configurations that have that boundary. Jensen’s notion of a (vertical)
boundary is equivalent to our (horizontal) signature string. Naturally, during the course
of the algorithm, the intermediate partially-built polyominoes are not necessarily valid,
i.e., they consist of more than one connected component. For this purpose the boundary,
that is, the signature, encodes the connected components. At the termination of the
algorithm only signatures that correspond to legal polyominoes are considered and their
associated numbers are summed up. Thus, most of the polyominoes are not generated
explicitly; large sets of polyominoes are traced by representative signatures. In addition,
the completely empty boundary is not allowed, since in the corresponding configurations
occupied cells to the left of the boundary column cannot be connected to columns to the
right of the boundary.

The running time of Jensen’s algorithm has two factors: a polynomial in W, and J(W),
the number of distinct signatures. Jensen did not provide an analysis of the running time
of his algorithm. Instead, he showed a graph that plots J(W) for 1 < W < 23. The graph
was drawn in a half-logarithmic scale, and the plotted points seemed visually to be more-
or-less located around some line. From the slope of this imaginary line, Jensen estimated
that J(W) was proportional to 2. For counting fixed polyominoes of size n Jensen’s
algorithm needed to consider signatures whose length was at most n/2. Therefore, Jensen
concluded that the running time of his algorithm was proportional to (v/2)" times some
polynomial factor. In this chapter we show that J(WW) actually equals M (W + 1) — 1,
where M (W) is the Wth Motzkin number [Mo48]. Since the Wth Motzkin number is
proportional to 3" (neglecting some polynomial factor), the running time of Jensen’s
algorithm is actually proportional to (v/3)" times some polynomial factor.

2.1.2 The Theorem

We now prove the relation between the number of signature strings and Motzkin numbers.
Theorem 1 J(W)= MW +1) — 1.

Proof: Let J*(W) = J(W)+1, that is, the number of all legal signatures plus the unique
empty signature (-,-,-,...,-) that is illegal in the context of polyominoes. We will now
evaluate J*(W). The number of signature strings whose last character is ‘-’ is simply
J*(W —1). Otherwise (when the last character is not *-’), the corresponding last cell of
the signature may be connected (through the boundary and/or the area to the left of the
boundary, which in our notation is the area on top of the signature) to other signature
cells. Let i be the lowest index (counting from left to right) of the signature cell connected
to the Wth cell (obviously 1 <i < W). For i > 2, the (i — 1)st cell must be empty, and
the number of distinct signatures is the product of the number of subsignatures of the
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Figure 2.1: The leftmost signature cell connected to the Wth signature cell (when the
latter is occupied)

leftmost i — 2 cells and the number of subsignatures of the rightmost W — i 4 1 cells (of
which the leftmost and rightmost are occupied by definition, so there is freedom only in
the middle W — ¢ — 1 cells). Figure 2.1 shows an example in which W = 17 and i = 7.
(Recall that cell connectivity is through edges only!)

Thus
w

T (W) =T (W = 1)+ > (J'(i—2)- J(W—i— 1)),
i=1
with the convention J*(—1) = J*(0) = 1. It is easily seen that this is exactly the
recurrence of the Motzkin series (with a shift of one index):

e
[\

M(k) =Mk —1)+ S (M@G) - Mk —i —2))

i

Il
o

for k > 2 and M(0) = M(1) = 1. It follows immediately that J(W) = J*(W) — 1 =
M(W +1)—1. Indeed, {J(W)}v_; = {1,3,8,20,50, 126, ...} while the first few Motzkin
numbers are {M (k)}2, = {1,1,2,4,9,21,51,127,...}. O

Figures 2.2 and 2.3 show all the different possible boundaries and their signatures for
1<W <5,

It is easy to see that M (k) < 3* since M (k) is also the number of paths from (0,0)
to (k,0) in a k x k grid, that use only the steps (1,1), (1,0), and (1, —1), and do not go
under y = 0. On the other hand, it is well-known that M (k) > 3=k In fact, M (k)
is asymptotically 3* divided by some polynomial factor in k.

An alternative proof for Theorem 1 is by showing a bijection between signature strings
and Motzkin paths. Consider the edges between boundary cells. Edges between occu-
pied cells of the same connected component (or between empty cells) are mapped to the
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A A - - A A A

(a) W = 1: one signature (b) W = 2: 3 signatures
A_- - - A- AA- - _A
A - A A - B - A A A A A

(c) W = 3: 8 signatures

A- - - - A-- AA-- — - A- A-A-Z-
A-B- - AA- AAA- - - - A A- A
A - _-B - A-A - A-B AA-A AA_-B
AA- - A-AA A-BB - AAA AAANA

(d) W = 4: 20 signatures

Figure 2.2: All possible signatures for 1 < W <4

step (1,0). For a block of consecutive occupied cells of the same connected component,
distinguish between four cases:

1. If there exists only one block (of the same component), then its left (resp., right)
bounding edge is mapped to the step (1, 1) (resp., (1,—1));

Otherwise (in case there are at least two blocks):

2. For the first block both bounding edges are mapped to the step (1, 1);

3. For an intermediate block (if any), the left (resp., right) bounding edge is mapped
to the step (1,—1) (resp., (1,1));

4. For the last block both bounding edges are mapped to the step (1,—1).

Figure 2.4 shows an example of this bijection.

It is rather easy to prove that this is a bijection. By definition different strings cor-
respond to different paths, and vice versa. We only need to verify that every signature
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- - - - - A- - - AA- - - —T-A- - A-NA-:-
- B - - - AA-- AAA- - — - -A- A--—NA
- - B - - A-A- —A-B- AA-A- AA-B
—AA- A-AA- A-BB- - AAA- AAAA
- - A A- - _-A A---B - A--A —A-C
A - - A AA-_-B - -A-A - -A-B A-A-
—~A-B A-B-A A-B-B A-B-C - AA -
AA-B AAA-A AAA-B - - —-AA A-—-A
~— - BB - A-AA - A-BB AA-AA AA-B
—AAA A-AAA A-BBB - AAAA AAAA

(e) W = 5: 50 signatures

Figure 2.3: (Continuation of Figure 2.2) All possible signatures for W =5

string is mapped to a valid path, and that every path can be realized by some configu-
ration and its respective string. To this aim we note that the order of start and end of
blocks (of the same connected component) along the signature must be a legal parenthe-
ses sequence. Otherwise the borders of the connected components would intersect. On
one hand, this guarantees, following directly from the definition of the bijection, that a
signature is always mapped to a path that does not go below the z-axis. On the other
hand, it ensures that every path is realizable. Every path is uniquely mapped into a string
(by applying the bijection rules backward), and since it is a legal parentheses sequence, a
cell configuration represented by this signature can easily be constructed, e.g., by building
rectilinear “bridges” connecting between blocks of the same symbol, supported by “legs”
standing on top of the left cell of each block, and high enough to allow lower bridges found
between legs supporting the same bridge. Figure 2.5 shows the realization of the string
shown in Figure 2.4.
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AAA- - B- AA-CC-AA -
(a) A lattice configuration and its signature

(b) A Motzkin path

Figure 2.4: Mapping a signature to a path

AAA- - B - AA-CC-AA -

Figure 2.5: String realization

Finally we explain the index shift between the number of signature strings and Motzkin
numbers. That is, why J(W) = M(W+1) — 1. This is simply because a signature of
length k is mapped to a path of length k + 1, while the (k + 1)st Motzkin number is the
number of paths of length k& + 1. The missing string is the empty string (-,--,...,-), that
corresponds to the straight xz-parallel path. The reader can also observe the resemblance
between signature strings to drawing chords in an outer planar graph, which is yet another
way to describe Motzkin numbers.

2.2 Computational Complexity

In this section we closely follow the notation of [Je01]. Denote by n the size of the poly-
ominoes whose number we intend to compute. Overall, we have k iterations of Jensen’s
algorithm that differ in the dimensions of the bounding box of the polyominoes counted
in each iteration. Denote by W (resp., L) the width (resp., length), that is, the y- and
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x-span, respectively, of a bounding box in one iteration of Jensen’s algorithm. In each
such iteration W is at most Wiax (the maximum width needed to be considered), and
L = 2Wpax + 1 — W, thus Lpax (the maximum length) is at most 2Wpyax. In each
iteration of the algorithm we expand the so-far traversed lattice by W - L cells. Each such
expansion consists of setting one cell to either an occupied or empty state. This involves
the consideration of all possible signatures o for the expansion. Denote the total number
of possible signatures by Ngo,s. Each individual cell-expansion step requires the following
operations:

e Fetching a signature from the database of signatures;

e Computing a new signature that is a function of the old signature and determining
whether the new cell is occupied or not;

e Updating the polynomial that counts the number of possible distinct configuration
for the specific signature; and

e Searching for the new signature in the database. If it did not previously exist, insert
it and its polynomial. Otherwise, replace the existing polynomial by the sum of the
existing and the new polynomial.

We denote by h the time needed for random access into the signatures database, by s the
time for computing a new signature, and by u the time needed for updating a polynomial.
Clearly, the over-all running time of the algorithm is

O(k . Wmax . LmaX . Nconf . (h “I'_ S “I'_ U/))

Obviously, Winax = [n/2] and Lpax = n. Therefore, Winax, Lmax = O(n). In the
original description of the algorithm, k& = Wiax - Lmax = O(n?). However, instead of
two nested loops for W and L, one can have only one loop on W with only L = Lyax.
After every processed column L, one can check all the configurations. The polynomials
representing the respective numbers of polyominoes of all the valid configurations (those
with one connected component spanning the entire W x L box) will update the number
of animals of the appropriate sizes. Thus we can improve k£ by a factor of n and have

k= 0(n).

If we implement the signatures database as a perfect hashing table (with the signature
as a key), we can expect each access to the database to depend (in the average case) only
linearly on the size of the signature, independently of the number of signatures stored in
the database. That is, h = O(Wnax) = O(n).

It follows directly from the description of the algorithm that s = O(Wpax) = O(n).
Indeed, most of the signature updates are local, and are reflected by O(1) operations in
the vicinity of the expanded cell. Only a few update rules require the traversal of the
entire signature (whose complexity is O(n)) and a few global updates of it. A typical
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such update is required when the expanded cell touches the top boundary cell of some
connected component, and we either need to find the second-to-top, or even the bottom
boundary cell of the same component. For this purpose we traverse the signature top
to bottom and count top and bottom cells of connected components until they balance
appropriately, providing enough information for identifying the sought boundary cell. The
running time of this traversal is linear in n.!

The polynomial operations required by Jensen’s algorithm are the addition of two
polynomials P (t), Ps(t) of maximum degree n and multiplying a polynomial P(¢) of max-
imum degree n by ¢. (The latter operation implements the addition of one occupied cell.)
Clearly each such operation requires O(n) time, and since each cell-expansion operation
requires a constant number of such polynomial operation, we have u = O(n).

Most of our effort is, therefore, targeted at providing an upper bound on N¢ . We
use here the notation Ngope(W) to denote the number of signatures of length W. We
ignore the two bits of the signature that indicate whether the respective set of polyominoes
touch or do not touch the top and bottom boundaries of the bounding box, because these
bits add only a constant factor of 4 on the number of different signatures.

In Secion 2.1.2 we showed that the number of signatures without a kink is exactly
M(W +1) — 1, where M (k) = ©(3F/k%?) is the kth Motzkin’s number. Now consider
boundaries with a kink. At most, this applies a constant factor on the number of sig-
natures. To see this, regard the length-WW signatures as a subset of all the signatures
of length (W + 1) obtained by adding the kink cell to the boundary as an empty cell,
and then dropping from the signature the symbol ‘0’ from the position of the kink. By
dropping these kink symbols different signatures may be identified, but this only helps.
Thus we conclude that Noone(W) = O(3W /W3/2) = O((v/3)"/n?/?).2

Summing everything up, we obtain O(n*M(n/2)) = O(n*?(v/3)") as an asymptotic
bound on the running time of Jensen’s algorithm. As mentioned earlier, Jensen’s algo-
rithm also prunes out signatures of boundaries that can never close into a legal polyomino
because, for example, the number of cells remaining to be occupied is insufficient for the
polyomino to touch both upper and lower boundaries of the bounding box, or because
there are not enough cells to connect all occupied cells into one connected component.
Obviously, most of the signatures are pruned out when W and L are close to n/2. This
is probably the reason for the difference between the (\/5)” term in our bound and the
(ﬂ)”—like behavior observed empirically by Jensen.

'We believe that with a little effort, and with applying only a constant multiplier on the amount of
memory needed to store a signature, we can show that s = o(n) by using an appropriate disjoint-sets
data structure. However, this improvement is asymptotically negligible since s is dominated by h and w.

2We believe that it is easy to obtain a sharper upper bound on the number of signatures with kinks,
but since M (k) = ©(M(k+1)) (as limy_.oo M(k+1)/M (k) = 3) we have N ¢f(W) = O(M (W +2)) =
O(M(W)), and the exact constant of proportionality is of no interest.



Chapter 3

Attempts to Improve the
Transfer-Matrix Algorithm

In this chapter we introduce two extensions of Jensen’s algorithm. Both extensions use
previously-computed information. Jensen’s algorithm counts separately all the polyomi-
noes of size n bounded by boxes whose dimensions are W (its width, y-span) and L (its
length, z-span). In each iteration of the algorithm different values of W and L are con-
sidered, for all possible values of W and L. Our extensions aim to reduce the number of
iterations of the algorithm.

In particular, when considering a box whose dimensions are W x L, the first extension
uses the information computed while considering a W x L/2 box to directly compute
information required for computing all polyominoes of size n bounded by a W x L box.
The second extension goes even further. We obtain more information during an iteration
of the algorithm. This information can then be used in a recursive manner to compute
information needed for computing all polyominoes of size n bounded by twice as long a
box. For example, consider the information computed while considering a W x L box.
We can use it to directly compute information needed for computing all polyominoes of
size n bounded by a W x 2L box. Next, we can use the latter information to directly
compute the information needed for computing all polyominoes of size n bounded by a
W x 4L box, and so on.

3.1 Doubling the Bounding Box

As explained in Section 1.3, the algorithm counts separately all the polyominoes bounded
by boxes whose dimensions are W (y-span) and L (z-span). Each such box is represented
by a set of signatures and their respective polynomials (exactly as in Jensen’s algoritm).
Given two such sets (with the same width), we present a method for computing the
number of polyominoes bounded by a larger box of the same width and whose length is

23
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the sum of lengths of the two boxes. Thus, when the input boxes are identical in both
length and width, the resulting box is of the same width and twice the length.

First, we consider all signature pairs, one signature representing the right boundary of
the left box, and the other signature representing the left boundary of the right box. We
then examine each such pair separately, as described in Section 3.1.1, and consider if the
partially-built polyominoes with their respective boundaries can be combined into valid
polyominoes. Each pair that passes this test is then processed to compute the number of
polyominoes in the new combined bounding box. we repeat this procedure for all pairs of
signatures, summing up and obtaining the total number of polyominoes contained in the
combined bounding box.

Figure 3.1 shows an example of a pair of signatures that can be combined to form
polyominoes contained in the combined box. Note that the sets of the right (resp., left)
boundaries of the polyominoes and the left (resp., right) boundaries are identical. There-
fore, we compute the set of signatures corresponding to only one such box, and simply
consider all pairs of signatures.

Although this method allows us to compute the number of polyominoes bounded by
the combined box, we cannot repeat this step recursively because we “lose” the signatures
during the concatenation of the boxes. This happens as a result of the input to this step
which maintains the signature of only one boundary of each of the bounding boxes.
When the boundaries are connected facing each other (see Figures 3.1), no boundary of
the combined box is attributed by a signature. In Section 3.2 we suggest a remedy for
this. Meanwhile, we proceed with describing how exactly we combine signatures.

3.1.1 Combining Signatures

Each signature characterizes a set of configurations contained in a bounding box, with a
unique boundary (the right boundary of the left configuration and the left boundary of
the right configuration, as shown in Figure 3.1(a)). Each configuration is a collection of
occupied sites that may or may not be connected. The respective polynomial of a signature
represents the number of different configurations that match the boundary signature.

Refer again to Figure 3.1(a) that shows two boxes with sample configurations. The
combined configurations may have different signatures. The signature of the left configu-
ration encodes its right boundary, whereas the signature of the right configuration encodes
its left boundary. By joining the two configurations we can create a new combined con-
figuration with the cumulative length. Figure 3.1(b) shows the combined configuration.



3.1. DOUBLING THE BOUNDING BOX 25

O W hr~ohNMO BN
N O Wo s~ o =

(a) two configurations

(b) new combined configuration

Figure 3.1: Combining two configurations into one

In the example shown in Figure 3.1 the new configuration is a legal polyomino. In case
the new configuration is not a legal polyomino, it is discarded. The new configuration is
legal only if it meets two conditions: all occupied sites are connected, and all box edges
are touched. If both conditions hold, the new configuration consists of a legal polyomino.

The encoding of a signature is sufficient to determine whether the entire respective
set of configurations (represented by that signature) is legal. This is easy to do since the
signature’s encoding holds both the connectivity of all connected components that touch
the boundary, and the edges of the box that are touched. Note that any intermediate
configuration with a disconnected component not touching the boundary is immediately
discarded since this component will never be connected to other components. This is done
already in the original algorithm.

We argue that we have enough information about the connectivity in each box, and
about touched box edges, to be able to determine whether the combined signatures and
their respective sets of configurations are legal. In the combined configurations, the orig-
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inal boundaries lie next to each other (see Figure 3.1(b)) and new connections between
components may be made. We need only examine whether the sites of the combined
configurations form one component. The connectivity of the combined configurations is
resolved using a simple DFS-like (Depth First Search) step. Finding out whether all the
edges of the combined box are touched is trivial. The left and right edges are always
touched since the left and right edges of both configurations are always touched (other-
wise we would have created a disconnected configuration). Therefore, in the combined
box both the left and right edges are also touched. If, in addition, both the top and
bottom edges have been touched in either of the original boxes, then all edges in the new
box are touched.

When the combination of two signatures corresponds to a legal set of configurations
(and hence a legal set of polyominoes), we also need to compute the respective new poly-
nomial that counts the number of legal polyominoes. Since each of the original signatures
had a respective polynomial representing the number of polyominoes (of different sizes)
with the same signature, the product of these two polynomials is the appropriate repre-
sentation of the number of the combined polyominoes and their sizes.

3.1.2 Optimization

Instead of considering all pairs of signatures from both boxes, whose number is (see chap-
ter 2.2) O((Ngone(W))?) = O((3")?) = O(9"), we may consider signatures with the
same occupied sites, that is, combine two bounding boxes with one overlapping column.
This allows us to consider fewer combinations (as we show below), for the modest price of
having a combined box whose length is smaller by 1. Figure 3.2(a) shows two configura-
tions in two boxes, in which the same sites are occupied in the right (resp., left) boundary
of the left (resp., right) box. (Obviously, the two respective signatures need not be iden-
tical.) By joining the configurations in a one-column overlap manner, we can create the
new configuration shown in Figure 3.2(b). The rest of the algorithm is unchanged.

We provide here only a rough estimate of the amount of work performed by this
optimization, since it was still inferior to the original implementation of Jensen’s algorithm
(which considered O(3") signatures of length W per expansion step).

The number of different boundaries (sequences of sites, regardless of their respective
signatures) is obviously 2" (each site can either be occupied or empty). However, each
boundary can correspond to multiple signatures. We therefore attempt to bound this
multiplicity.
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(a) Two signatures (before combination)

(b) After combination

Figure 3.2: Combining two configurations with an overlapping column

The worst-case scenario is when all the O(3") (or rather, O(3") — 2% + 1 = O(3"))
signatures correspond to one specific boundary, allowing all the other boundaries only
one possible signature. (This is, of course, not a practical situation, but we give this
computation to show the perspective of this issue.) In such a theoretical case the number
of combinations that we will consider is (2" — 1) -1+ 1-O0((3")?) = O(9").

It is easily seen that the best case would be if the signatures were distributed evenly
between the different boundaries. In such a case the average number of signatures per
boundary would be O(3")/2" = O(1.5"). In such a case the number of considered
combinations would be 2V - O((1.5")?) = O(4.5").

In practice, the signatures are not distributed evenly between boundaries. The more
“blocks” of consecutive occupied sites the boundary has, the more signatures to which
it can correspond (since then the number of possible connections between these blocks
is larger). A boundary of length W can have at most [W/2] “blocks,” since each block
(except the first and last) is preceded and followed by at least one empty site. The
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number of occupied sites in such boundaries is equal to the number of blocks, and each
such site can be encoded by any of the symbols {1,2,3,4}. Thus, the maximum number
of signatures is 4"/2 = 2. (An alternative explanation is through Catalan numbers:
Determining the signatures that correspond to W/2 blocks can be carried out by setting
legal parentheses sequences of length at most W. The number of distinct parentheses
sequences of length W (which outnumber all shorter sequences) is the W/2-th Catalan
number, which is O(4"/2) = O(2").) Therefore, the maximum number of considered
combinations is 2"V - (2")2 = gW.

3.2 Multi-Level Combination of Bounding Boxes

The main drawback of the extension described in the previous section is the fact that it
cannot be repeated in a divide-and-conquer manner. Although the number of polyominoes
bounded by the combined box is computed, a new set of signatures cannot be computed.
This prevents us from applying the method recursively. The reason for this is that the
original signatures hold data only about occupied sites in one (right or left) boundary of
each of the bounding boxes.

To enable repeated joining of the information computed while considering different
bounding boxes, we will need to keep information about both vertical boundaries of each
bounding box. In addition, we will need to keep some information about the connectivity
of all connected components lying between both boundaries. This will allow us to compute
the boundary signatures of the combined bounding box, and then the new connectivity
information between the new boundaries.

We extended Jensen’s encoding by a less-efficient boundary encoding which holds more
information. We assign an ID number to each occupied site in both left and right bound-
aries. The ID numbers are allocated according to the connected components, one ID
per component. Thus, occupied sites in both boundaries that belong to the same con-
nected component are assigned the same ID. We call our new data structure an extended
signature.

The box-combination algorithm is very similar to the algorithm used in the first ex-
tension. We consider all pairs of extended signatures representing the left (resp., right)
boundary of the right (resp., left) box. We examine each such pair as described next and
determine whether the corresponding configurations can be combined. Each pair that
passes this test is used to create two new extended signatures, describing the new left and
right boundaries of the combined bounding box.

Each pair of extended signatures is joined in a fashion very similar to that of com-
bining the regular signatures, presented in Section 3.1.1. The main difference is that the
combined box is not necessarily the target box. Therefore, we have to allow the new
box to contain illegal (partially built) polyominoes. This is so that the polyomino may
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become legal through a further combining step. When the final box is created, only legal
polyominoes are counted. Recall that legal polyominoes are those that consist of only
one connected component and touch all four edges of the box. Figure 3.3(a) depicts the
combination of two extended signatures of two boxes into one box. (The IDs are shown
as letters just to distinguish the extended signatures from the regular signatures).

The encoding of the extended signature is used both to determine whether the new
configuration is legal and to compute the new left and right boundary signatures. Deter-
mening if the set of configurations is legal is done similarly to the procedure applied for
regular signatures. The additional information is used to compute the new left and right
boundaries. To do this we observe that the occupied sites of the left (resp., right) bound-
ary of the combined box are exactly the same as those of the left (resp., right) boundary
of the original left (resp., right) box. The difference in the signatures is only due to the
connections established between those sites. By employing a simple DFS procedure on
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(a) Two extended signatures before making the connection

a
C
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(b) After making the connection

Figure 3.3: Combining two extended configuration into one
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the joined boundaries (the right boundary of the left box and the left boundary of the
right box), we compute the connected components of the combined configuration and as-
sign each such component a new unique ID. The new IDs are then propagated to the left
and right boundaries of the combined box. Figure 3.3(b) shows the result of combining
extended signatures. The result is also an extended signature. Note the new encoding
(with IDs) given for each site in both boundaries.

Any component not touching any vertical boundary will never be connected to the
other components. This causes the combined configuration to be illegal; thus, it is dis-
carded immediately. In Figure 3.4 we show two legal configurations being joined into an
illegal configuration. The created disconnected component is shown in darker gray.

The optimizations of the previous extension can also be implemented. For the more
involved recursive combining.

b b f
f
c e
a
C d f
f

(a) Two signatures before making the connection

b
b
a
b
b

(b) After making the connection, an illegal combined configuration

Figure 3.4: Combining two extended configurations into an illegal configuration
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3.3 Advantages and Disadvantages

The main drawback of both extensions is the fact that they do not address the bottleneck
of the transfer-matrix algorithm, which is its memory consumption. A huge amount of
memory is used for storing the signatures created during the iterations of the algorithm.
The required amount of memory depends linearly on the number of signatures N¢pe(W).

The first extension uses the same amount of memory as the original Jensen’s algorithm
(up to minor implementation details). In our experiments we did not encounter any benefit
of using this extension. In the second extension, not only does the size of each extended
signature increase, but the number of extended signatures is of much higher order than
that of the original signatures (although some configurations are found illegal and hence
discarded). Therefore, by using this extension we run out of memory faster than when
we run Jensen’s original algorithm.

The second extension might prove useful in the future, when more memory is available.
In such a case, larger bounding boxes will probably be considered. For some of those
bounding boxes, namely bounding boxes that are short and long (W < L), we expect
the extension to be useful. In these cases we will be able to compute the L-long bounding
box in log,(L) complex steps instead of W - L original steps.

In Table 3.1 we plot the number of signatures and extended signatures computed
in different bounding boxes. These signatures and extended signatures were created for
polyominoes of up to size 50.
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Width of | Length of | Number of | Number of
bounding | bounding | original extended

box box signatures | signatures

3 1 7 7

2 15 37

4 15 101

8 15 101

16 15 101

4 1 15 15

2 39 175

4 39 815

8 39 823

16 39 823

5 1 31 31

2 97 781

4 98 6,165

8 98 6,544

16 98 6,544

6 1 63 63

2 237 3,367

4 246 44,881

8 246 51,644

16 246 51,644

Table 3.1: Numbers of original and extended signatures
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Chapter 4

Extending Jensen’s Algorithm to
Three Dimensions

In this chapter we extend Jensen’s algorithm to counting three-dimensional polycubes.
Recall that Jensen’s algorithm counts separately all the polyominoes of size n bounded
by boxes whose dimensions are W (its width, y-span) and L (its length, z-span). In each
iteration of the algorithm different values of W and L are considered, for all possible
values of W and L. When counting polycubes our algorithm will count separately all the
polycubes of size n bounded by a box whose dimensions are W (its width, y-span), L
(its length, z-span) and D (its depth, z-span). In each iteration specific values of W, L
and D will be considered, for all possible values. There are two main differences between
the two-dimensional and three-dimensional versions of the algorithm. The first difference
relates to the boundary and its encoding, and the second difference lies in the updating
rules employed in each iteration of the transfer-matrix algorithm.

4.1 Boundary Encoding

Recall that the boundary used in the two-dimensional transfer-matrix algorithm was a
vertical column made of squares (with a “kink” created in the course of the algorithm).
It consisted of a series of sites, from the top to the bottom of the bounding rectangle, and
could be regarded as a line with or without a kink. In the three-dimensional version of
the algorithm, the boundary is a rectangle embedded in three dimensions (with a more
complicated “kink”). That is, the boundary is a face of a box (a slice). The boundary is
thus a two-dimensional set of sites, with or without a kink. Figure 4.1 shows the boundary
of a box without a kink, whereas Figures 4.2 and 4.3 show boundaries with kinks (the
sites of the boundaries are shown in green and yellow /lighter gray).

To represent a boundary in the two-dimensional version of the transfer-matrix algo-
rithm, we only need to encode a linear list of sites. This could be implemented by a
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simple array. In order to represent a boundary in the three-dimensional version of the
transfer-matrix algorithm, we will need to encode a two-dimensional layer of sites. This
is easy to achieve by using a two-dimensional array.

In the two-dimensional version of the algorithm, the boundary sites and their inter-
connections were encoded very efficiently by only five symbols, namely, {0,1,2,3,4}. The
encoding was very efficient because it uses the trait that different connected components
(of the partially-built polyomino) cannot be interleaved along the boundary. For example,
if sites at positions 1 and 5 along the boundary are connected (that is, belong to the same
component), sites at positions 3 and 7 cannot be connected and belong to another com-
ponent. The linearity of the boundary thus allows an efficient legal-parentheses-sequence-
like encoding. However, in three dimensions, the occupied sites of the two-dimensional
boundary can be connected in much more complicated manner. This prohibits the efficient
encoding available in one lower dimension. Therefore, we extended Jensen’s algorithm by
a less-efficient boundary representation, which holds the connectivity information for the
occupied boundary sites by using explicit component IDs. As in Section 3.2, we attribute
the ID number of its conected component to each occupied site. This had a profound
theoretical impact on the size of each boundary signature: instead of 3 bits that sufficed
in two dimensions to encode any one of the five symbols, we needed many more bits to
encode specific component IDs. However, in practice we did not need more bits. Poly-
cubes of orders of at most 24 may have at most 16 connected components, since a new
occupied site can connect no more than three previously disconnected components (see
also below). Since we did not even approach this order of polycubes, we needed only 4
bits (per site) to encode the boundary. An addition of a fifth bit would suffice for many
more orders of polycubes.

In addition to the encoding of the connected components of the occupied sites in the
boundary, the signature needs to encode which borders of the bounding box the partially-
built polycubes touch. Recall that in two dimensions the signature included two bits
that indicated whether the top and bottom of the bounding rectangle were touched. In
three dimensions we need four bits to indicate whether or not the four sides of the box
(orthogonal to the boundary) are touched.

Figures 4.1, 4.2, and 4.2 show polycubes built inside three-dimensional bounding boxes.
The left sides of the figures show the polycubes, while the rights sides plot the correspond-
ing boundaries and the IDs allocated to the occupied sites.

4.2 Updating Rules

Similarly to the two-dimensional transfer-matrix algorithm, we define expansion rules that
update the boundary encoding according to whether or not the newly-considered site is
empty or occupied, and according to whether or not its neighbors are occupied, and if
so, according to the identities of their connected components. The updating rules in the
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Figure 4.2: A polycube after adding one site (note the kink in the boundary)

three-dimensional version of the algorithm have the same semantics as those of the two-
dimensional version, except that the former version has a few more cases to handle. We
also need to consider the different encoding scheme in three dimensions.

Adding an empty site to the boundary may result in losing the connection between
a component to the boundary. In such a case the new configuration becomes illegal so
that it is discarded from the signatures database (similarly to the operation taken in two
dimensions). Otherwise, the boundary is updated and stored again in the database.

Adding an occupied site may result in one of the following effects on the connected
components touching the boundary: (a) Creating a new component; (b) Adding a new
site to an existing component; and (¢) Adding a new site that unites two or three com-
ponents. (In the two-dimensional version of the algorithm, a new site can unite only
two components. In three dimensions a new occupied site cannot unite more than three
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Figure 4.3: A polycube after adding two sites (note the kink in the boundary)

components due to the order of processing the boundary; three of the six faces of the new
site cannot yet touch any other occupied site.) In all cases, the addition of a new site
reflects the new connections (if they are made) between previously-existing components.
If such unifications occur, components are renamed accordingly. In addition, the algo-
rithm also updates the bits that indicate whether or not the four faces of the bounding
box (orthogonal to the boundary face) are touched.

4.3 Optimizations

We have implemented severl optimizations whose aim was to reduce the number of signa-
tures during the course of the algorithm (although we did not expect them to have any
impact on the asymptotic running). The three optimizations that we implemented are
similar in nature to those of [Je01]:

1. Remove signatures that represent polycubes whose size is larger than that of the
target polycube order. (That is, discard polycubes whose number of connected
components plus the minimum number of additional occupied sites needed to unite
them into one component is larger than the target order.)

2. Consider the current depth for computing the size of polycubes. (That is, discard
polycubes whose size plus the minimum number of additional sites needed to make
the polycube span the entire depth of the bounding box is larger than the target
order.)

3. Similarly, consider the distance of the partially-built polycube from the four sides
of the bounding box orthogonal to the boundary face. (That is, discard polycubes
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whose size plus the minimum number of additional sites needed to make the poly-
cube touch all the four sides is larger than the target order.)

Obviously, combinations of these rules may also be used for discarding intermediate con-
figurations. Table 4.1 shows the effect of the three optimizations described above on the
running time of the algorithm. In this tabulation we used the target size of 8. We interpret
the “negative” improvement in the depth-only experiment as evidence that the overhead
of running this text was higher than the amount of time saved by this improvement.

Used optimizations Time (sec.) | Improvement
Oversize | Depth | Touching sides
No No No 115.890
Yes No No 77.015 33.5%
No Yes No 117.468 -1.7%
No No Yes 75.234 35.1%
Yes Yes Yes 74.750 35.5%

Table 4.1: Effects of the optimizations on the running time

4.4 Results

We implemented the algorithm in C4++ and ran the program on an IBM ThinkPad with
one 1900MHz Pentium4 processor and 384 Megabytes of memory. After 701 seconds
the program reported the value of A3(11). The values that we found of Az(n) (for 1 <
n < 11) agreed with the values published in the past. We ran out of memory before
the computation of A3(12) was completed. Knuth, in [Kn01] states he needed about 850
Megabytes of RAM and about 10 Gigabytes of disk for computing A5(47). We did not
use more than 384 Megabytes of memory (our RAM).



Chapter 5

Extending Redelmeier’s Algorithm
to Three Dimensions

5.1 Counting Polycubes

Recall that Redelmeier’s algorithm is a procedure for counting some class of connected
subgraphs in a graph, where the underlying graph is induced by the square lattice. In
order to extend the algorithm to three dimensions, we need only modify the underlying
graph, so that it will represent a three-dimensional cubic lattice. Then we must decide
upon a canonical form of a polycube. We fix the origin at the leftmost cube in the “closest”
row in the bottom layer. This way polycubes are built only at

{(z,y,2) | (z>0) or ((z=0) and (y > 0)) or ((z =0) and (y =0) and = > 0)}.

The origin cube is shown in yellow in Figure 5.1(a). The colored areas in the Figure 5.1
are the possible locations of cubes of polycubes of order 4. The corresponding graph in
which the polycubes are counted is drawn in Figure 5.2.

Our implementation of the algorithm is generic and can be easily modified to every
dimension. In addition, we can also use it for different kinds of grids, for example a
triangular lattice and a hexagonal lattice.

5.2 Implementation Issues

5.2.1 Graph Representation
Our internal representation of the graph is a set of ‘extended vertices’, that is, a set of

vertex structures, where each structure contains the unique ID number of a vertex (a
natural number) and a small set of ID numbers of its neighbors in the graph. Since the
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Figure 5.1: Valid cubes in a three dimensional lattice

graph is embedded in the cube lattice, the cardinality of every vertex in the graph is at
most six (see Figures 5.2 and 5.1). The ID numbers are computed in a preprocessing step,
in which every cube in the lattice, which corresponds to a vertex in the graph, is mapped
to a natural number. We chose natural numbers as vertex IDs in order to maintain a
simple array of vertex structures that speeds up the search algorithm.

As in [Rede81], we maintained all the versions of the set of untried cells in a single
linked list, where the distinction between the different versions was achieved by using
“headers” of the list which actually pointed to intermediate nodes in the list. In practice,
the linked list was implemented as a simple array: the value stored in the ith position of
the array was the ID of the cell pointed at by the ith cell.
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Figure 5.2: The underlying graph in three dimensions

5.2.2 Recursion

The polyomino-counting procedure calls itself recursively for each counted polyomino of
every order. Therefore, the number of recursive calls in the run of our program reported
here was 18 A3(n) ~ 9.6 - 10'3. In order to save this huge amount of function-call
overhead, we implemented the recursion ourselves. Our implementation of the algorithm
requires only three variables (ID numbers) to be kept in a context switch. Thus, we
maintained a recursion stack in a short array, where every member was a triple of num-
bers. The maximum depth of the stack was obviously 18. Finally, a recursive call was
simulated by a push operation (copying three IDs into the next available stack member,
and advancing the stack pointer) and a jump to the beginning of the function, while re-
cursive backtracking was simulated by a pop operation (fetching three IDs from the stack
and updating the stack pointer) and a jump to immediately after the jump command
described above. Our experimentation (with computing polycubes up to order 18) shows
that this mechanism saved about 5% of the running time of the program.

5.2.3 Large Numbers

The number of polycubes of high orders exceeds UINT_MAX (the maximum possible value of
a C unsigned int variable on a 32-bit word machine), which is 232 — 1 = 4,294, 967, 295.
Therefore, we implemented large numbers “manually,” i.e., we maintained each such num-
ber as a quadruple of 32-bit numbers. The only operations we had to do with these
numbers were initialization (to zero) and increment by one. In the latter operation we
simply checked the “lowest” 32-bit number for overflow, in which case we reset it to zero
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and incremented the “higher” 32-bit number by one. We performed a similar operation
on the second and third 32-bit numbers. In fact, we set the overflow to occur when a
32-bit word exceeded one billion (10°) instead of 2°2 — 1 = 4.3 - 10 so as to facilitate
the printing of the compound number in a decimal form (each 32-bit part could then be
printed separately).

5.2.4 Warm Restart

Since the program ran for 51.37 days, crashes or hang-ups of the running machine were
inevitable or at least should have been considered. (We experienced at least 2 crashes.)
We implemented a simple mechanism in which the entire memory of the program (about
733 Kilobytes) was saved in a file at every billionth (10°th) recursive call to the function
that counts a new polycube and generates all the new candidates. This occurred on the
average every six or seven minutes. The dump-file mechanism enabled a warm restart of
the program: it was possible to rerun the program starting with loading the contents of
a specified file into the program’s memory.

5.3 Results

We implemented the algorithm in C (the source code is given in the Appendix) and
ran the program on an IBM workstation with one 1700MHz Pentium4 processor and
1024 Megabytes of memory. After 51.37 days the program reported the values given in
Table 1.2. The values of A3(n) for all 1 < n < 17 agree with previous publications. To
the best of our knowledge, this is the first tabulation of A3(18) in the literature.



Chapter 6

Conclusion

In this thesis we presented our research on several aspects of counting polyominoes and
polycubes. Our work included showing an upper bound on the running time of Jensen’s al-
gorithm (for computing polyominoes), and introducing a few extensions for Jensen’s algo-
rithm. In addition, we extended both algorithms to enable counting of three-dimensional
polycubes, verified the already-known first 17 values of the series A3, and found one new
value, namely, A3(18).

We established a relation between a certain class of strings and Motzkin’s numbers.
This allowed us to analyze accurately Jensen’s algorithm for counting fixed polyominoes,
setting the bound O(n®?2(v/3)") on the algorithm’s running time. Except for the polyno-
mial factor, the asymptotic exponential bound is tight.

We provided two extensions for Jensen’s algorithm for counting polyominoes. Both
aim to reduce the number of iterations of the algorithm by using previously-computed
information. The main drawback of both extensions is the fact that they do not solve
the main bottleneck of the transfer-matrix algorithm, which is its memory consumption.
In the future, when more memory is available, so that larger bounding boxes may be
considered, these extensions might prove useful for computing polyominoes in some of the
bounding boxes, namely, bounding boxes that are short and long (W < L).

We also extended both Jensen’s and Redelmeier’s algorithms to enable counting of
three-dimensional polycubes. For Jensen’s algorithm we implemented a scheme for en-
coding boundaries of three-dimensional polycubes, and derived suitable updating rules.
We also presented an efficient implementation of Redelmeier’s algorithm (which actually
fits any dimension), and used it to find the number of fixed polycubes of order 18. To the
best of our knowledge, this number has never been published in the literature.

In the future we intend to further enhance our extensions for Jensen’s algorithm by
encoding all the boundaries of a bounding box, to be used as a tile joining rectangles
in all directions. We also plan to investigate more efficient encoding schemes for three-
dimensional boundaries, and also to try to compute the numbers of fixed polyominoes
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of much higher dimensions (d > 3). In addition, we would like to implement parallel
versions of both Jensen’s and Redelmeier’s algorithms, possibly combining them in an

efficient way.
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Appendix A: C Source Code of the
Three-Dimensional Version of
Redelmeier’s Algorithm

This appendix contains the listing of our C program for three-dimensional polyominoes
by using Redelmeier’s algorithm.

#include <time.h>

#include <stdio.h>

#include <string.h>

#include <stdlib.h>

void bzero (void *mem, int n);

#define MAX_SIZE 18

// East / West

#define X_SIZE (2 * MAX_SIZE - 2)
// North / South

#tdefine Y_SIZE (2 * MAX_SIZE - 2)

#tdefine FULL_SIZE (X_SIZE * Y_SIZE * MAX_SIZE)
// Index of 0, in lattice
#define _O_INDEX (MAX_SIZE - 2)

// Idea: count up to 1G (1,000,000,000) and then increase the next word
// start with [0] [size], then [1] [size] and so on ...

#define NUM_COUNTERS 4

int big_int [NUM_COUNTERS] [1 + MAX_SIZE];

#define SET_BOARD(_pos, _value) board [_pos] = (_value)
#define CHECK_BOARD(_pos, _value) board [_pos] == (_value)
#define GET_SUCC(_posl, _pos2) _pos2 = untried [_pos1]
#define SET_SUCC(_posl, _pos2) untried [_posl] = _pos2

/* Note that the location of neighbors is important:

the valid neighbors must be in the first positions.
Look at the while(hdr) (step 4) */
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/* 3D */
typedef enum {

north, east, up, west, south, down
} dir_t;

typedef struct {

int n_neis;

int neis [6]; // (Y)north, south, (X)east, west, (Z)up, down
} neighbors_t;

typedef enum {
FREE, BORDER, OCCUPIED, REACHABLE
} cell_t;

cell_t board [FULL_SIZE];
int untried [FULL_SIZE];
neighbors_t all_neis [FULL_SIZE];

int size = 0;
int n_calls = 0;
int n_saves 0;

void fixed (
int hdr
);

#define MAX_STACK 1000

int stack [3*MAX_STACK];

int p_stack = 0;

#define PUSH(_a, _b, _c) { \
stack [p_stack] = _a; \
stack [p_stack + 1] = _b; \
stack [p_stack + 2] ;
p_stack += 3; \

]
|
O
~

}
#define POP(_a, _b, _c) {

~

_c = stack [p_stack - 1]; \
_b = stack [p_stack - 2]; \
_a = stack [p_stack - 3]; \

p_stack -= 3; \

clock_t clkO;
double ptime;
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int main (
int argc,
char* argv []

) {
int i, j, p, hdr;
int x, y, z;
char fn [64];
FILE* fp;

/* [Warm restart] =/
// —f<file>
if (argc >= 2) {
if (strncmp (argv [1], "-f", 2) == 0) {
FILE* fp = fopen (argv [1] + 2, "rb");
if (fp == NULL) {
printf ("fixed: can’t open file %s\n", argv [1] + 2);
exit (0);

fread (& i, sizeof (int), 1, fp);
if (4 '= MAX_SIZE) {
printf ("ERROR MAX_SIZE:
expected=%d found=%d\n",MAX_SIZE, 1i);
exit (0);
}
fread (& size, sizeof (int), 1, fp);
fread (& n_saves, sizeof (int), 1, fp);
fread (big_int, sizeof (int), (NUM_COUNTERS)*(1 + MAX_SIZE), fp);
fread (board, sizeof (cell_t), FULL_SIZE, fp);
fread (untried, sizeof (int), FULL_SIZE, fp);
fread (all_neis, sizeof (neighbors_t), FULL_SIZE, fp);
fread (& hdr, sizeof (int), 1, fp);
fread (& p_stack, sizeof (int), 1, fp);
fread (stack, sizeof (int), p_stack, fp);
fread (& ptime, sizeof (double), 1, fp);
printf ("red: MS=%d sz=Jd ns=Yd hdr=%d pstk=/d ptime=Jf\n",
i,size,n_saves,hdr,p_stack,ptime);
fclose (fp);
printf ("fixed: loaded file %s, MAX_SIZE = %d, n_saves = Jd\n",
argv [1] + 2, MAX_SIZE, n_saves);
clk0 = clock ();
goto WARM_RESTART;
} else {
printf ("fixed: unknown option %s\n", argv [1]);
exit (0);
}
}
/* [Init] */
ptime = 0.0;
clk0 = clock ();
bzero (big_int, sizeof (big_int));
bzero (untried, sizeof (untried));
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bzero (all_neis, sizeof (all_neis));

/* Preparing neighbors lists for 3D lattice */
for (z = 0; z < MAX_SIZE; z ++) {// Z
for (y = 0; y < Y_SIZE; y ++) { // Y
for (x = 0; x < X_SIZE ; x ++) { // X
if ( (z==0&& y < _O_INDEX ) ||
(z == 0 && y == _O_INDEX && x < _O_INDEX) )
continue;

p =z * Y_SIZE * X_SIZE + y * X_SIZE + x ;

all_neis [p].n_neis = 3;

all_neis [p].neis [east] = p + 1; // East
all_neis [p].neis [north] = p + X_SIZE; // North
all_neis [p].neis [up] = p + Y_SIZE * X_SIZE; // Up
// West
if ( (z==0 & y == _O_INDEX && x > _O_INDEX ) ||
(z==0%&& y > _O_INDEX ) ||
(z>0) )
{
all_neis [p].n_neis ++;
all_neis [p].neis [west] = p - 1;
}
// South
if ( (z==0& y == _0_INDEX + 1 && x >= _O_INDEX ) ||
(z==0&& y> _O_INDEX + 1) ||
(z>0 )
{
all_neis [p].n_neis ++;
all_neis [p].neis [south] = p - X_SIZE;
}
// Down
if ( (z>1) |l (z==12%&% y > _O_INDEX ) ||
(z==1&% y == _0_INDEX && x >= _O_INDEX ) )
{
all_neis [p].n_neis ++;
all_neis [p].neis [down] = p - Y_SIZE * X_SIZE;
}
Y // X
Y /7y

Y/ z

/* The algorithm is started with the parent being the empty polyomino, */
bzero (board, sizeof (board));

/* and the untried set containing only the origin. */

hdr = _O_INDEX + _O_INDEX * X_SIZE ;
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WARM_RESTART:
fixed (hdr);

/* [Print Number of Polycubes] */
sprintf (fn, "n-fixed-Yd-final-3D.txt", MAX_SIZE);
fp = fopen (fn, "wb");

if (fp) {
for (p = 1; p <= MAX_SIZE; p ++)
{
fprintf (fp, "Fixed (%d)\t= %d,%d,%d,%d\n",

p)
big_int [3] [p],
big_int[2] [p],
big_int[1][p],
big_int[0] [p]l); // NUM_COUNTERS fix num of %d

}

ptime += (double) (clock () - clk0) / CLOCKS_PER_SEC;
fprintf (fp,
"\nTime: %5.2f seconds, %5.2f minutes, \
%5.2f hours, %5.2f days\n",
ptime, ptime / 60.0, ptime / 3600.0, ptime / 86400.0);
fclose (fp);

}

void fixed (
int hdr
) {

/* [Local variables] */

register int cur, save_hdr, n, i;
int* p;

int m_c;

RESTART:

n_calls ++;

if (n_calls == 1000000000) {
char fn [64];
FILE* fp;

n_saves ++;
sprintf (fn, "n-fixed-%d-%d-3D.dat", MAX_SIZE, n_saves);
fp = fopen (fn, "wb");
if (fp) {
int ms;
ptime += (double) (clock () - clk0) / CLOCKS_PER_SEC;
ms = MAX_SIZE;
fwrite (& ms, sizeof (int), 1, fp);
fwrite (& size, sizeof (int), 1, fp);
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}

fwrite (& n_saves, sizeof (int), 1, fp);

fwrite (big_int, sizeof (int), (NUM_COUNTERS)*(1 + MAX_SIZE), fp);

fwrite (board, sizeof (cell_t), FULL_SIZE, fp);

fwrite (untried, sizeof (int), FULL_SIZE, fp);

furite (all_neis, sizeof (neighbors_t), FULL_SIZE, fp);

fwrite (& hdr, sizeof (int), 1, fp);

fwrite (& p_stack, sizeof (int), 1, fp);

fwrite (stack, sizeof (int), p_stack, fp);

furite (& ptime, sizeof (double), 1, fp);

printf ("wrt: MS=)d sz=Yd ns=)d hdr=)d pstk=Vd ptime=Yf\n",
i,size,n_saves,hdr,p_stack,ptime);

fclose (fp);

printf ("fixed: saved file ¥%s, MAX_SIZE = %d, n_saves = %d\n",
fn, MAX_SIZE, n_saves);

n_calls = 0;

clkO = clock Q);

/* The following steps are repeated until the untried set is exhausted.*/

while (hdr) {

/* 1. Remove an arbitrary element from the untried set. */
cur = hdr;
GET_SUCC (cur, hdr);

/* 2. Place a cell at this point. */
SET_BOARD (cur, OCCUPIED);

/* 3. Count this new polyomino. */
for (m_c = 0; m_c < NUM_COUNTERS; m_c ++) {

big_int[m_c][ size 1 ++;

if ( big_int[m_c][ size ] == 1000000000 ) {
big_int[m_c][ size ] = 0;
// and go to next loop with m_c ++
}
else
break; // don’t go...
}

/* 4. If the size is less than P: */
if (size < MAX_SIZE) {

/* (a) Add new neighbors to the untried set. */

save_hdr = hdr;

/* Note the following assumption:
A1l valid neighbors should be in the first places, i.e.,
2 valid neighbors should be in [0], [1]
3 valid neighbors should be in [0],[1],[2] and so on.
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Note that we do not check for each of the 6 neighbors but
the exact number of neighbors by using p ( p++, .... )
*/
for (i = 0, p = all_neis [cur].neis;
i < all_neis [cur].n_neis; i ++) {
n =% p ++;
if ( n!=0 && CHECK_BOARD (n, FREE)) {
SET_SUCC (n, hdr);
hdr = n;
SET_BOARD (n, REACHABLE);

}
}
/* (b) Call this algorithm recursively with the */
/% new parent being the current polyomino, */
/* and the new untried set being a copy */
/% of the current one. */

PUSH (hdr, save_hdr, cur);
goto RESTART;
RESUME :

/* (c) Remove the new neighbors from the untried set. */
while (hdr != save_hdr) {

SET_BOARD (hdr, FREE);

GET_SUCC (hdr, hdr);

}

/* 5. Remove newest cell - set site to forbidden */

/* keeping it occupied (not setting it to DONE) is sufficient */
/* SET_BOARD (cur, DONE); */

size --;

}
if (p_stack) {

POP (hdr, save_hdr, cur);
goto RESUME;
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